Abstract. This paper examines the dynamics of a single degree of freedom nonlinear model, representing a quarter of an automobile with a semi-active, nonlinear suspension. Assuming that the kinematic excitation caused by the road surface profile is harmonic, the principal resonance and frequency entrainment are obtained for regions of the model parameters. Changing the excitation frequency and road profile amplitude we analyze possible chaotic vibrations and bifurcations of the system.
Introduction
The problem of rough surface road profiles and their influence on unwanted vehicle vibrations due to kinematic excitations is still a significant problem for automobile manufacturers and a subject of research among groups seeking to minimize the effects on the driver and passengers [1] .
One possible solution to provide effective vibration damping over a range of conditions and vehicle mass is the application of dampers based on magneto-rheological fluids. Using a velocity polynomial model to describe such a nonlinear damper [2] we study the effect of its nonlinear characteristics on the vibrations of the system subjected to an external periodic force.
The Quarter Car Model
The equation of motion for a kinematically excited vehicle model ( Fig. 1) [3, 4, 5] is
where x 0 describes the road profile, which for simplicity is assumed to be harmonic, and given by
In terms of the relative displacement
Eq. 1 can be written as
m. where The nonlinear stiffness coefficient k 2 can soften or harden the spring characteristics of the vehicle, and will be varied within the range k 2 ∈ [−600000, 600000] N/m 3 . Because of the gravitational force there will be a non-zero steady state displacement, y 0 , given from Eq. 4 withẏ = 0, by
The solution of Eq. 5 is plotted in Fig. 2a . The exact value of y 0 can be closely approximated in the region of interest by the following linear expression in k 2
where ǫ ≈ . Fig. 2a shows the accuracy of this approximation.
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The equations of motion are now rewritten by introducing a new variable as the displacement from the equilibrium position,
Thus the equilibrium point is y ′ = 0, and Eq. 4 becomes, in terms of dimensionless time τ ,
where
The corresponding renormalized potential is
and this potential is plotted in Fig. 2b for three values of nonlinear stiffness component k 2 = 300000 ('1'), k 2 = 0 ('2') and k 2 = 300000 N/m 3 ('3'). Note that, for k 2 = 0, the potential is slightly asymmetric. Different signs of the coefficient of the cubic nonlinearity in Eq. 4 (k 2 ) produce different signs for γ and therefore have opposite effects on the renormalized potential asymmetry.
The Solution Method and Results
Using the standard harmonic balance method [6] and the lowest order approximation (neglecting terms with nΩ ′ , n = 2, 3, ...) we assume a solution of the form
where C, B and Θ are the dynamic displacement, harmonic amplitude and corresponding phase angle, respectively. For the harmonic balance solution we assume them to be constants. Thus after substituting Eq. 11 into Eq. 8, and equating the sine and cosine terms, B and C must satisfy
Solutions for B and C are easily obtained by numerical methods. Figure 3 shows the approximate solution amplitude B as a function of Ω/ω (Figs. 3a, c, e). In this example the road profile amplitude is A = 0.11 and the three values of k 2 used in Fig. 2b have been chosen. For comparison the results obtained from direct simulation are also shown. In these cases, Eq. 4 was integrated numerically, and the corresponding amplitudes were calculated as 
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on the left side of the resonance in Fig. 3a for k 2 = −300000 N/m 3 at Ω ≈ 0.8, but no jump is apparent in the case of k 2 = 300000 N/m 3 . Note also the appearance of a second much smaller peak in the simulated resonance curves, that signals a Hopf bifurcation [4] . To clarify this point, Figs. 3, b, d , f show the corresponding bifurcation maps. In these figures one can easily identify the region of quasi-periodic motion below a certain frequency Ω/ω.
Selected phase diagrams are presented in Figs. 4a-f. Note that the first three (Figs. 4a-c ) are related to quasi-periodic motions at a relatively low frequency and for a small road profile excitation amplitude A, for k 2 < 0, k 2 = 0 and k 2 > 0, respectively. Figures 4a and c are very similar, while Fig. 4b is completely different, and this case deserves further explanation. In nonlinear self-excited systems [7] , for some selected frequencies Ω inside the region of quasiperiodic vibrations (Fig. 3b, d, e) , there exist bifurcations to a different kind of quasi-periodic motion or windows to synchronized motion. One such change is shown in Fig. 4b for Ω/ω = 0.6 and k 2 = 0. The frequency interval (in terms of Ω/ω) of this qualitatively different quasiperiodic motion is very narrow. However we have identified similar cases in different ranges of system parameters (Ω, k 2 ).
Figures 4d-f present results for Ω/ω = 0.8 and k 2 = −300000 N/m 3 with increasing excitation amplitude (A = 0.11, 0.31 and 0.41). At small amplitudes (Fig. 4d) we observe a regular synchronized motion. For larger amplitudes (A = 0.31m, Fig. 4e ) the motion is regular and synchronized with the excitation frequency. However at A = 0.41m (Fig. 4f ) the motion loses regular periodic behaviour and drifts to a chaotic region of vibration. Note this situation happens in the region of the principal resonance for the softening vehicle spring characteristics [4] .
It should be mentioned that all of the above investigated cases are characterized by hysteresis loops of the nonlinear suspension (see Fig. 5 ), typical of any magneto-rheological systems [1, 2] . Asymmetries in the hysteresis loops correspond with the sign of the cubic stiffness k 2 (Fig. 5d) .
Conclusions
In this paper we have explored a simple quarter-car model with a suspension modelled with a nonlinear restoring force and a polynomial damping term. We have investigated the resonance curves by means of analytical methods (retaining the lowest order in the harmonic balance method) and direct numerical simulations for various signs of the cubic nonlinearity in the vehicle spring, k 2 . Figure 3 showed that the case of a softening spring characteristic (k 2 < 0) not only has a sightly larger maximum amplitude in the resonance region, but also has an amplitude jump phenomenon. This effect should be investigated further in the context of vehicle optimization [9, 10] . The coexistence of two stable solutions and a saddle point leads to the appearance of chaotic vibrations via a homoclinic bifurcation [4] . Here, in contrast to other models, the stochastic like harmful vibrations of the vehicle originate from the nonlinear dynamics rather than random excitations of the road profile [8] .
The other route to nonperiodic solutions for k 2 > 0 arises due to very large excitation amplitudes [11] , that are not physically realistic for our model. Potentially, chaotic solutions could also arise from the nonlinear damping term but we have not investigated this effect for the whole range of system damping parameters. 
